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AN OBATA TYPE RESULT FOR THE FIRST EIGENVALUE OF THE SUB-LAPLACIAN 
ON A CR MANIFOLD WITH A DIVERGENCE FREE TORSION 

S. IVANOV AND D. VASSILEV 

Abstract. We prove a CR Obata type result that if the first positive eigenvalue of the sub-Laplacian on a 

compact strictly pseudoconvex pseudohermitian manifold with a divergence free pseudohermitian torsion takes 

^"^ ■ the smallest possible value then, up to a homothety of the pseudohermitian structure, the manifold is the 

^vj ' standart Sasakian unit sphere. We also give a version of this theorem using the existence of a function with 

traceless horizontal Hessian on a complete, with respect to Webster's metric, pseudohermitian manifold. 
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1. Introduction 

The classical theorems of Lichncrowicz [29] and Obata [Xl] give correspondingly a lower bound for the 
first eigenvalue of the Laplacian on a compact manifold with a lower Ricci bound and characterize the case 
of equality. In [2!)] it was shown that for every compact Riemannian manifold {M,h) of dimension n for 
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2 S. IVANOV AND D. VASSILEV 

which the Ricci curvature is greater than or equal to that of the round unit rt-dimensional sphere ^"(l), i.e., 
Ric{X,Y) > {n — l)/i(X, y), we have that the first positive eigenvalue Ai of the (positive) Laplace operator is 
greater than or equal to the first eigenvalue of the sphere, Ai > n. 

Subsequently in [•)•!] it was shown that the lower bound for the eigenvalue is achieved iff the Riemannian 
manifold is isometric to S'"(l). Lichnerowicz proved his result using the classical Bochner-Weitzcnbock formula. 
In turn, Obata showed that under these assumptions the trace-free part of the Riemannian Hessian of an 
eigcnfunction / with eigenvalue Ai = n vanishes, 

(1.1) D'f = -fh, 

after which he defined an isometry using analysis based on the geodesies and Hessian comparison of the distance 
function from a point. More precisely, Obata showed in [33] that if on a complete Riemannian manifold there 
exists a non-constant function satisfying (1.1) then the manifold is isometric to the unit sphere. Later Gallot 
[18] generalized these results to statements involving the higher eigenvalues and corresponding eigenfunctions 
of the Laplace operator. 

From the sub-cUipticity of the sub-Laplacian defined in many well studied sub-Riemannian geometries it 
follows that its spectrum is discrete on a compact manifold. It is therefore natural to ask if there is a sub- 
Riemannian version of the above results. In fact, a CR analogue of the Lichnerowiecz theorem was found by 
Greenleaf [22] for dimensions 2n -|- 1 > 5, while the corresponding results for n = 2 and n = 1 were achieved 
later in [32] and [16], respectively. As a continuation of this line of results in the setting of geometries modeled 
on the rank one symmetric spaces in [26] it was proven a quaternionic contact version of the Lichnerowicz result. 

The CR Lichnerowicz type result states that on a compact 2n + 1-dimensional strictly pseudoconvex pseu- 
dohermitian manifold satisfying a certain positivity condition the first eigenvalue of the sub-laplacian is grater 
or equal to that of the standard Sasakian sphere. For the exact statement of the CR Lichnerowicz type result 
we refer the reader to Theorem 8.8. For ease of reference we also include complete proofs of the known results 
in the CR case. The presented proof of Theorem 8.8 uses the known techniques from [22], [32], [10], but is 
based solely on the non-negativity of the Paneitz operator thereby slightly simplifing the known arguments. 
Greenleaf [22] showed the result for n > 3, while S.-Y. Li and H.-S. Luk adapted Greenleaf's prove to cover the 
case n = 2. They also gave a version of the case n = 1 assuming further a condition on the covariant derivative 
with respect to the Tanaka- Webster connection of the pseudohcrmitian torsion tensor. Part b) in Theorem 8.8 
was established by H.-L. Chin in [IG]. We remark that ii n > 1 the Paneitz operator is always non-negative, 
cf. Lemma 8.4 while in the case n = 1 the vanishing of the pscudohermitian torsion implies that the Paneitz 
operator is non-negative, see [16] and[ll]. 

Other relevant for this paper results in the CR case have been proved in [10, 9, 8], [3] and [14] adding a 
corresponding inequality for n = 1, or characterizing the equality case in the vanishing pseudohcrmitian torsion 
case (the Sasakian case). 

The problem of the existence of an Obata-type theorem in pseudohermitian manifold was considered in [s] 
where the following CR analogue of Obata's theorem was conjectured. 

Conjecture 1.1 ([ ]). Let {M,6) be a closed pseudohermitian (2n+l) -manifold with n > 2. In addition we 
assume the Paneitz operator is nonnegative if n = 1. Suppose there is a positive constant fco such that the 
pseudohermitian Ricci curvature Ric and the pseudohermitian torsion A satisfy the inequality (1.2). If —^^kg 
is an eigenvalue of the sub-Laplacian then (M, 6) is the standard (Sasakian) CR structure on the unit sphere in 

This conjecture was proved in the case of vanishing pscudohermitian torsion (Sasakian case) in [ ] for n>2 
and in [9] for n = \. 

The non-Sasakian case was also considered in [{'>] where the Conjecture 1.1 was established under the following 
assumptions on the pseudohermitian torsion (in complex coordinates): 

(i) for 71 > 2, ^a/3,/3 ^ 0, and Aap^-y^ = 0, [15, Theorem 1.3] ; 

(ii) for n=l, An.i = 0, and Pif = [15, Theorem 1.4], 



where 



Paf -= ffa+inAafsf^ 
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is the operator characterizing CR-pluriharmonic functions when n = 1, see also the paragraph after Remark 
8.3. The first condition, A^o « = 0, means that the (horizontal real) divergence of A vanishes, 

(V*A)(X) = -(Ve„A)(e,,X)=0. 

One purpose of this paper is to establish Conjecture 1.1 in the (non-Sasakian) case of a divergence- free 
pseudohermitian torsion where wc prove the following result. 

Theorem 1.2. Let {1\I,0) be a compact strictly pseudoconvex pseudohermitian CR manifold of dimension 
2n + 1. Suppose there is a positive constant fco such that the pseudohermitian Ricci curvature Ric and the 
pseudohermitian torsion A satisfy the inequality 

(1.2) Ric{X, X) + 4:A{X, JX) > kogiX, X). 
Furthermore, suppose the horizontal divergence of the pseudohermitian torsion vanishes, 

a) If n > 2 and A = ^lT^'o *■' '^^ eigenvalue of the sub-Laplacian, then up-to a scaling of 6 by a positive 
constant {M,6) is the standard (Sasakian) CR structure on the unit sphere in C""''"'^. 

b) Ifn = l and X ^ -^ko is an eigenvalue of the sub-Laplacian, the same conclusion can be reached assuming 
in addition that the Paneitz operator is non-negative, i.e., for a smooth function f 

- f Pf{Vf)Vole > 0. 

The value of the scaling is determined, for example, by the fact that the standard psudohermitian structure 
on the unit sphere has first eigenvalue equal to 2?!. The corresponding eigenspace is spanned by the restrictions 
of all linear functions to the sphere. 

Our approach is based on Lemma 3.1 where we find the explicit form of the Hessian with respect to the 
Tanaka- Webster connection of an extremal eigenfunction /, i.e., an eigenfunction with eigenvalue n/(n + l)fco, 
and the formula for the pseudohermitian curvature. As mentioned earlier a proof of Greenleaf 's result based on 
the non- negativity of the Paneitz operator can be found in the Appendix. This proof shows formula (3.1) for 
the horizontal Hessian of /, which after a rcscaling can be put in the form 

V^fiX^Y) = -fg{X,Y) - df{Oio{X,Y), X,Y e H = KerO. 

We prove Theorem 1.2 as a consequence of Theorem 4.7 and Theorem 5.2 taking into account the already 
established CR Obata theorem for pseudohermitian manifold with a vanishing pseudohermitian torsion. Thus, 
the key new results are Theorem 4.7 and Theorem 5.2 which show correspondingly in the case n > 2 and n ~ \ 
that if the pseudohermitian torsion is divergence-free and we have an eigenfunction / with a horizontal Hessian 
given with the above formula then the pseudohermitian torsion vanishes, i.e., wc have a Sasakian structure. 

The local nature of the analysis leading to the proof of Theorem 1.2 allows to prove our second main result, 
which is the following CR- version of Obata's Theorem [33] . 

Theorem 1.3. Let {M,9) be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + 1 > 5 
with a divergence- free pseudohermitian torsion, V*A = 0. Assume, further, that M is complete with respect 
to the Rieemannian metric h = g -\- 9^ . If there is a smooth function / ^ whose Hessian with respect to the 
Tanaka- Webster connection satisfies 

(1.3) V^fiX,Y) = -fg{X,Y)~df{CMX,Y), X,YeH = Kere, 

then up to a scaling of 6 by a positive constant (M, 0) is the standard (Sasakian) CR structure on the unit sphere 
in C"+i . 

In dimension three the above result holds provided the pseudohermitian torsion vansihes, A ~ 0. 

We finish the introduction by recalling that Lichncrowicz' type results (not in sharp forms) in a general 
sub-Riemannian setting were shown in [1], [2] (these two papers apply only to the vanishing pseudohermitian 
torsion CR case) and [24]. It wiU be interesting to consider whether the results of [1], [2], [13] and [14] can be 
extended to the non-Sasakian, but divergence free pseudohermitian torsion case. 

Convention 1.4. 
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a) We shall use X, Y, Z, U to denote horizontal vector fields, i.e. X,Y, Z,U E H = KerO. 

b) {ei, . . . , e2n} denotes a local orthonormal basis of the horizontal space H . 

c) The summation convention over repeated vectors from the basis {ei, . . . , e2n} wHl be used. For example, 
for a (0,4)-tensor P , the formula k = P{eb, Ca, Ca, et) means 

2n 

A; = ^ P{eb,ea,ea,eb); 

a, 6=1 

Acknowledgments The authors would like to thank Alexander Petkov for pointing to us that Lemma 
8.7 holds for all n as a simple consequence of the Ricci identity thus simplifying our initial approach for the 
special case n = 1. The research is partially supported by Contract "Idei", DO 02-257/18.12.2008 and Contract 
"Idei", DID 02-39/21.12.2009. S.I is partially supported by Contract 181/2011 with the University of Sofia 
'St.Kl.Ohridski' 

2. PSEUDOHERMITIAN MANIFOLDS AND THE TANAKA- WEBSTER CONNECTION 

In this section we will briefly review the basic notions of the pseudohermitian geometry of a CR manifold. 
Also, we recall some results (in their real form) from [35, 36, 37, 30], see also [17, 28, 27], which we will use in 
this paper. 

A CR manifold is a smooth manifold M of real dimension 2n+l, with a fixed n-dimcnsional complex sub- 
bundle J£ of the complexified tangent bundle CTM satisfying Oi n 5? = and [Jf, D<] C ^K. If we let H = 
Re JC©?{, the real sub-bundle H is equipped with a formally integrable almost complex structure J. We assume 
that M is oriented and there exists a globally defined compatible contact form 9 such that the horizontal space 
is given by 

H = Ker9. 
In other words, the hermitian bilinear form 

2g(X, Y) = -d9{JX, Y) 

is non-degenerate. The CR structure is called strictly pseudoconvcx if g is a positive definite tensor on H. The 
vector field ^ dual to 9 with respect to g satisfying £^jd9 = is called the Reeb vector field. The almost complex 
structure J is formally integrable in the sense that 

{[JX,Y] + [X,JY])eH 

and the Nijenhuis tensor 

N^{X, Y) = [JX, JY] ~ [X, Y] - J[JX, Y] - J[X, JY] = 0. 

A CR manifold {AI,9,g) with a fixed compatible contact form 9 is called a pseudohermitian manifold. In this 
case the 2-form 

d9\^ := 2lo 

is called the fundamental form. Note that the contact form is determined up to a conformal factor, i.e. 9 = 1/9 
for a positive smooth function v, defines another pseudohermitian structure called pscudo-conformal to the 
original one. 

2.1. Invariant decompositions. As usual any endomorphism "^ oi H can be decomposed with respect to the 
complex structure J uniquely into its t/(7i)-invariant (2,0) 4- (0,2) and (1,1) parts. In short we will denote 
these components correspondingly by ^[-i] and ^[ij. Furthermore, we shall use the same notation for the 
corresponding two tensor, *(A, Y) = g{'^X, Y). Explicitly, ^ = vp = vp^j^j -|- ^[_i], where 

(2.1) vl/j^] (X, y) = \ [*(^, Y) + *( JX, JY)] , vl/[_,j(X, r) - i [^{X, Y) - -^{JX, .JY)] . 

The above notation is justified by the fact that the (2, 0) -t- (0, 2) and (1, 1) components are the projections on 
the eigenspaces of the operator 

T= J® J, (T*)(A,r) =^*(JA,jr), 
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corresponding, respectively, to the eigenvalues —1 and 1. Note that both the metric g and the 2-form ui belong to 
the [Ij-component, since g[X,Y) = g{JX,JY) and oj{X,Y) = uj{JX,JY). Furthermore, the two components 
are orthogonal to each other with respect to g. 

2.2. The Tanaka- Webster connection. The Tanaka- Webster connection [35, 36, 37] is the unique linear 
connection V with torsion T preserving a given pseudohermitian structure, i.e., it has the properties 

VC = VJ = V6I = V.g = 0, 

(2.2) T{X,Y)^de{X,Y)^ = 2uj{X,Y)^, T{i,X)eH, 

g{T{i, X),Y)= g{Ti^, Y),X) = -g{Ti^, JX), JY). 

Let / be a smooth function on a pseudohermitian manifold A/ with V/ its horizontal gradient, (?(V/, X) = 
df{X). The horizontal sub-Laplacian A/ and the norm of the horizontal gradient V/ = df{ea)ea of a smooth 
function / on AI are defined respectively by 

(2.3) A/ = - trf,(Vd/) = V*df = - Wdf{ea,ea), IV/P = df{ea)df{ea). 
The function / ^ is an eigenfunction of the sub-Laplacian if 

(2.4) A/ = A/, 

where A is a (necessarily, non-negative,) constant. 

It is well known that the endomorphism T(^, .) is the obstruction a pseudohermitian manifold to be Sasakian. 
The symmetric endomorphism Tj : H — > H is denoted by A, A{X, Y) := T(^, X, y), and it is call the torsion 
of the pseudohermitian manifold or pseudohermitian torsion. The pseudohermitian torsion A is a completely 
trace-free tensor of type (2,0)-|-(0,2), 

(2.5) A{ea,ea)^A{ea,Jea)^0, A{X,Y) ^ A{Y,X) = -A{JX,JY). 

Let R be the curvature of the Tanaka- Webster connection. The pseudohermitian Ricci tensor Ric, the pseudo- 
hermitian scalar curvature S and the pseudohermitian Ricci 2-form p arc defined by 

Ric{A,B) = R{ea,A,B,ea), S = Ric{ea,ea), p{A,B) = -R{A,B,eaJea). 

We summarize below the well known properties of the curvature R of the Tanaka- Webster connection [36, 37, 30] 
using real expression, see also [17, 28, 27]. 

R{X, r, JZ, JV) = R{X, Y, Z, V) = -RiX, Y, V, Z) , R{X, F, Z, ^ == 0, 

(2.6) - R{X, y, Z, V) - R{JX, JY, Z, V) = -g{X, Z)A{Y, JV) - g{Y, V)A{X, JZ) + g{Y, Z)A{X, JV) 

+ g{X, V)A{Y, JZ) - Lo{X, Z)A{Y, V) - u{Y, V)A{X, Z) + uj{Y, Z)A{X, V) + uj{X, V)A{Y, Z), 

(2.7) R{^, X, Y, Z) = {VyA){Z, X) - {VzA){Y, X), 



(2.8) 



Ric{X,Y) =Ric{Y,X), 

Ric{X, Y) - Ric{JX, JY) = 4(7i - l)A{X, JY), 



(2.9) 2p{X, JY) ^ -~Ric{X, Y) - Ric{JX, JY) = R{ea, Jca, X, JY), 

(2.10) 2{Ve^Ric){ea, X) = dS{X). 
The equalities (2.8) and (2.9) imply 

(2.11) Ric{X, Y) = p{JX, Y) + 2{n - l)A{JX, Y), 

i.e. p is the (1, l)-part of the pseudohermitian Ricci tensor while the (2, 0) + (0, 2)-part is given by the pseudo- 
hermitian torsion A. 
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2.3. The Ricci identities for the Tanaka- Webster connection. We shall use repeatedly the following 
Ricci identities of order two and three for a smooth function /, see also [27], 

V^fiX, Y) - V^f{Y, X) = -2lu{X, Y)df{^) 

V^f{X,0-^^f{^,X) = A{X,Vf) 

V^!{X, r, Z) - V^f[Y, X, Z) = -R{X, Y, Z, V/) - 2u{X, Y)V\f{^, Z) 

VV(^, Y, Z) - V^J{Z, y, X) = -i?(X, Y, Z, V/) - R{Y, Z, X, V/) - 2lo(X, Y)V'f{^, Z) 

- 2u;iY, Z)V2/(e, X) + 2ujiZ, X)V\fi^, Y) + 2u:{Z, X)A{Y, V/) 

VV(e, X, Y) - VV(^, e, Y) = (Vv/A)(y, X) - {VYA){Vf, X) - V^f{AX, Y) 

V^fiX, Y, - VV(e, X, Y) = V^!{AX, Y) + V^!{X, AY) + {VxA){Y, V/) + (VyA)(X, V/) 

-(Vv/M(x,y). 

We note that the above Ricci identities for the Tanaka- Webster connection follow from the general Ricci identities 
for a connection with torsion applying the properties of the pseudohcrmitian torsion listed in (2.2) and the 
curvature identity (2.7). For example, 

vV(C, X, Y) - v^!{x, e, Y) = -i?(e, X, r, V/) - V^I{T{t X),Y) 

= R{X, e, Y, V/) - A{X, ea)V^I{ea,Y) = (Vv/A)(y, X) - {VYA){Vf, X) - A{X, ea)V^ I{ea,Y), 

where we used (2.7). 

An important consequence of the first Ricci identity is the following fundamental formula 

(2.13) 5(V2/,^) = V2/(ea,Jea) = -2nd/(0. 

On the other hand, by (2.3) the trace with respect to the metric is the negative sub-Laplacian 

5(V'/,g) = V2/(ea,ea) = -A/. 

We also recall the horizontal divergence theorem [35]. Let (Af, 5, 9) be a pseudohcrmitian manifold of dimen- 
sion 2n + 1. For a fixed local 1-form 9 the form 

Vole =9Au" 

is a globally defined volume form since Volg is independent on the local one form 6. 

We define the (horizontal) divergence of a horizontal vector field/one-form tr G A^ (H) defined by 

V*a =-tr\HV<T= -(Ve„cr)ea. 

The following Proposition, which allows " integration by parts" , is well known [35] . 

Proposition 2.1. On a compact pseudohermitian manifold M the following divergence formula holds true 

I {V*a)Volg ^ 0. 

JM 

3. The hessian of an extremal function in the extremal case. 

Our goal is to determine the full Hessian of an " extremal first eigenfunction^^ which is an eigenfunction with 
the smallest possible in the sense of Theorem 8.8 eigenvalue. 

Lemma 3.1. Let M be a compact strictly pseudoconvex CR manifold of dimension 2n + 1, n > 1 satisfying 

Ric{X, X) + AA{X, JX) = p{JX, Y) + 2{n + l)yl( JA, Y) > fco g{X, Y) 

while if n = 1 assume, further, that the Paneitz operator is non-negative on f , i.e., (8.17) holds true. 

If — TT^o is an eigenvalue of the sub-Laplacian, then the corresponding eigenf unctions satisfy the identity 

(3.1) V'f{X,Y) = --^^/g(X,r) - df{Ou:{X,Y). 



AN OBATA TYPE RESULT FOR THE FIRST EIGENVALUE OF THE SUB-LAPLACIAN ON A OR MANIFOLD 7 

Proof. Under the assumptions of the Lemma, inequahty (8.24) becomes an equality. Therefore, 

(vV)[-i] = 0. 

In addition, we must have equahty in (8.22) hence (8.23) follows. Thus, the following identity holds true 

V2/(X, Y) = -^(A/) • g{X, Y) + i-.g(v2/, w) • w(X, Y). 

Now, taking into account that / is an extremal first eigenfunction we obtain the coefficient in front of the metric. 
Finally, the skew-symmetric part of the horizontal Hessian is determined by the first Ricci identity in (2.12). D 

Remark 3.2. In addition to the above identities we have trivially from the proof of Theorem 8.8 the next 
equations 

(3.2) ffic(V/,V/)+4A(JV/,V/)==fco|V/p, / Pj{Vf)Vole = Q. 

Using a homothety we can reduce to the case Ai — 2n and fcg = 2(n + 1), which are the values for the 
standard Sasakian round sphere. Henceforth, we shall work under these assumptions. Thus, for an extremal 
first eigenfunction / (by definition / ^ 0) and n > 1 we have the equalities 

A-2n, Af^2nf, f (AffVolg ^ 2n f \\/f\^Vole. 

Jm Jm 

In addition, the horizontal Hessian of / satisfies (3.1), which with the assumed normalization takes the form 

given in equation (1.3). 

3.1. The divergence- free torsion and the vertical derivative of an extremal function. Here we show 
one of our main observations that the vertical derivative of an extremal function is again an extremal function 
provided the pseudohermitian torsion is divergence-free. We begin with an identity satisfied by every extremal 
eigenfunction. 

Lemma 3.3. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 271 + 1 > 3. // 
/ is an eigenfunction of the sub-Laplacian satisfying (1.3), then the following formula for the third covariant 
derivative holds true 

(3.3) V^f{X, Y, = -dfiOgiX, Y) - iefMX, Y) - 2fA{X, Y) 

+ (VxA)(y, V/) + {VyA){X, V/) - (Vv/A)(X, Y). 

Proof. We start by substituting the horizontal Hessian of / given in (1.3) in the forth Ricci identity of (2.12). 

v3/(x,r,e)-vV(e,^,n+vV(Ax,y)+v2/(^,^n+(VxA)(y,v/)+(VyA)(x,v/)-(Vv/A)(x,r) 

= V3/(e, X, Y) - fA{X, Y) + df{OA{X, JY) - fA{X, Y) - df{OA{JX, Y) 
+ {VxA){Y,Vf) + (Vy^)(X, V/) - (Vv/A)(X,y) 
= VV(e, X, Y) - 2fA{X, Y) + {VxA){Y, V/) + (VyA)(X, V/) - {VvfA){X, Y). 

The first term, V'^/(^, X, F), in the left-hand side is computed by differentiating the formula for the horizontal 
Hessian, (1.3). A substitution of the thus obtained formula in the one above gives the desired (3.3) which 
completes the proof. D 

With the help of Lemma 3.3 we turn to our main result in this sub-section. 

Lemma 3.4. Let AI be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n -f 1 > 3. // the 
pseudohermitian torsion is divergence-free with respect to the Tanaka- Webster connection, (Ve^A)(ea,X) = 0, 
and f is an eigenfunction satisfying (1.3) then the function ^f is an eigenfunction with the same eigenvalue, 

(3.4) Aitf) = 2n{U). 

In particular, if M is compact satisfying (1.2) then the horizontal Hessian of ^f is given by 

(3.5) V2(e/)(X, Y) = V^fiX, Y, = -df{Og{X, Y) - {ffMX, Y). 
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Proof. From the last Ricci identity in (2.12) we have 

A(e/) - e(A/) = V'fica, ea, - VV(^, e„ e J = 2.g(A, VV) - 2(V* A)(V/) + VA(V/, e,, e„) = 0, 

using that the torsion is trace- and divergence- free, and the fact that g{A,\7^f) = by (1.3). Hence, (3.4) 
holds. 

The second part follows from the just proved (3.4) and Lemma 3.1. D 

Remark 3.5. In the compact case, the above lemma can also be seen with the help of the following "vertical 
Bochner formula" valid for any smooth function f 

(3.6) - A(e/)2 = 2|V(C/)P - 2df{0 ■ e(A/) 4- 4d/(C) ■ g{A, VV) - 4d/(e)(VM)(V/). 

However, the argument in Lemma .3.4 is purely local. 

To prove (3.6) we use the last of the Ricci identities (2.12) and the fact that the torsion is trace free to obtain 

-^Ai^ff = VV(ea,e,,e)d/(e) + V2/(e„0V2/(ea,0 

= [V\f{^,ea,ea)+2g{\/^f,A) - 2(VM)(V/)] d/(0 + |V(e/)P 

= |V(^/)|2 - dfiO ■ ^(A/) + 2(i/(0 ■ 9{A, VV) - 2ci/(0(V*A)(V/), 

which completes the proof of (3.6). 



4. Vanishing of the pseudohermitian torsion in the extremal case for n > 2 

In this section we prove Theorem 4.7 which is one of our main results valid in dimension at least five, i.e., we 
assume n > 2. The assumptions in this section, unless noted otherwise, are that M is a strictly pseudoconvex 
pseudohermitian CR manifold of dimension at least five and / satisfies (1.3). 

4.1. Curvature in the extremal case. We start with a calculation of the curvature tensor. This is achieved 
by using (1.3), (2.9) and the Ricci identities (2.12). After some standard calculations we obtain the following 
formula 

(4.1) R{Z, X, Y, V/) = [df{Z)g{X, Y) - df{X)g{Z, Y)\ + Vdf^, Z)uj{X, Y) 

- Vdfit X)uj{Z, Y) - 2Vdf{i, Y)lo{Z, X) + A{Z, VfMX, Y) - AiX, VfMZ, Y). 

Taking the traces in (4.1) we obtain using (2.6) 

Ric{Z, V/) = (2n - l)df{Z) - A{JZ, V/) - 3Vd/(C, JZ) 
^^■^^ Rtc{JZ, JVf) = R{JZ, Jea, ea, V/) = df{Z) - (2n - 1)A{JZ, Vf) - (2n + l)Vdf{^, JZ). 

Wc note that the above derivation of (4.1) and (4.2) holds also when n — 1. 

4.2. The vertical parts of the Hessian in the extremal case. Subtracting the equations in (4.2) and using 
(2.8) we obtain 

(4.3) Vd/(e, JZ) = -df{Z) + A{JZ, Vf) 
after dividing by n — 1 since n > 1. Equation (4.3) and the Ricci identity yield 

(4.4) V^f{^,Y)^df{JY)+A{Y,Vf), \/^f{Y,0 = df{JY)+2A{Y,Vf). 
At this point we have not yet determined ^^/, but this will be achieved in Lemma 4.4. 
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4.3. The relation between A and AVf. 

Lemma 4.1. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + l > 5. If f is 
a function satisfying (1.3), then we have the following identity 

(4.5) \Vf\M' = 2\AVf\\ 
Proof. From (4.1) we have 

(4.6) i?(X, Y, Z, V/) = d/(X)g(y, Z) - df{Y)g{X, Z) + c^(r, Z)[dfiJX) + AiX, V/)] 

- ..(X, Z)[df{JY) + A{Y, V/)] - 2lo{X, Y)[df{JZ) + A{Z, V/)] + A{X, V f)Lo{Y, Z) - A{Y, Vf)Lo{X, Z) 
= df{X)g{Y, Z) - df{Y)g{X, Z) + df{JX)uj{Y, Z) - df{JY)uj{X, Z) - 2df{JZ)Lo{X, Y) 

- 2uj{X, Y)A{Z, V/) + 2A{X, V f)uj{Y, Z) - 2A{Y, \7f)io{X, Z), 

therefore 

(4.7) RiX,Y,Z,Vf)-RiJX,JY,Z,Vf) 

= 2oj{Y, Z)A{X, V/) - 2w(X, Z)A{Y, V/) + 2g{Y, Z)A{JX, V/) - 2g{X, Z)A{JY, V/). 
On the other hand, from (2.6) we have 

(4.8) RiX,Y,Z,Vf)^R{JX,JY,Z,Vf) 

= -2g{X, Z)A{Y, JVf) - 2g{Y, V/)A(X, JZ) + 2g{Y, Z)A{X, J\I f) 
+ 2g{X, \7f)A{Y, JZ) ~ 2^{X, Z)A{Y, V/) - 2u{Y, V/)A(X, Z) + 2w(r, Z)A{X, V/) + 2u{X, Vf)A{Y, Z). 

Comparing equations (4.7), (4.8) and taking into account the type of A, A{JX,Y) = A{X, JY), we come to 

(4.9) = -2g{Y, V/)A(X, JZ) + 2g{X, V/)A(y, JZ) - 2lj{Y, V/)A(X, Z) + 2lo{X, V/)A(y, Z) 

= -2df{Y)A{X, JZ) + 2df{X)A{Y, JZ) ~ 2df{JY)A{X, Z) + 2df{JX)A{Y, Z). 

Taking X = V/ in (4.9) we obtain the identity 

\\7f\^A{Y,Z) = df{Y)A{\7f,Z)-df{JY)AiVf,JZ) 
which proves (4.5). D 

4.4. The vertical derivative of an extremal eigenfunction. 

Lemma 4.2. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + 1 > 5. // 
/ is an eigenfunction of the sub-Laplacian satisfying (1.3), then the following formula for the third covariant 
derivative holds true 

(4.10) VV(^, y, = -dfiOaiX, Y) + fu{X, Y) - 2fA{X, Y) - 2df{0A{JX, Y) + 2{\/xA){Y, V/). 
Proof. Differentiating the last identity in (4.4) we obtain 

V3/(X, Y, e) = V^fiX, JY) + 2{VxA){Y, V/) + 2A{Y, Vx{Vf))- 

Now, invoking (1.3) gives the desired formula. D 

Lemma 4.3. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n+ 1 > 5. If f is 
an eigenfunction satisfying (1.3) then we have 

(4.11) VV(e,0 = ei = -f- -(Ve„A)(e„ JV/). 

n 

Proof. Comparing equations (4.10) and (3.3) we obtain the identity 

- ienu^iX, Y) + {VA){X, Y, V/) + {VA){Y, X, V/) - (VA)(V/, X, Y) 

= fiuiX, Y) - 2df{0A{JX, Y) + 2VA{X, F, V/). 
Taking a trace we get (4.11). D 
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Lemma 4.4. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2?i + 1 > 5. // the 
pseudohermitian torsion is divergence-free, (V*A)(X) = 0, and f is an eigenfunction satisfying (1.3) then the 
next formulas hold true 

(4.12) v2/(e,0=eV = -/, iVxA){Y,Vf)^fA{X,Y)+df{OA{X,JY). 

Proof. The first part follows immediately from Lemma 4.3. However, both parts can be seen as follows. Using 
(3.5) in (4.10) we obtain the identity 

(4.13) (VxA)(y, V/) = fA{X, Y) + df{OA{X, JY) - i [v^f{i, + f]^{X, Y). 
Equation (4.13) yields 

(4.14) (VxA)(jy,V/) = (VxA)(y, JV/) = fA{X,JY) - df{OA{X,Y) - i[vV(e,e) + f]9iX,Y), 

where we used (2.5). Taking the trace of (4.14) using the fact that the pseudohermitian torsion is both 
divergence-free and trace-free we obtain the proof of the lemma. D 

4.5. The elliptic eigenvalue problem. A consequence of the above Lemma 4.4 is the following fact, which 
plays a crucial role in resolving Conjecture 1.1 in the vanishing torsion case by allowing the reduction to the 
Riemannian Obata theorem. Furthermore, the elliptic equation satisfied by an extremal eigenfunction shows 
that |V/| j^ 0, hence df 7^ 0, in a dense set since / 7^ const. 

Corollary 4.5. Let M he a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n -f 1 > 5. // 
the pseudohermitian torsion of M is divergence- free, {V* A){X) = 0, and f is an eigenfunction satisfying (1.3), 
then f is an eigenfunction of the (positive) Riemannian Laplacian A'' associated to the Riemannian metric 

(4.15) h^g + 9'^ 
on M , satisfying 

(4.16) A'7=(2n+1)/. 

Proof. We denote by D the Lcvi-Civita connection of h. With respect to the local orthonormal basis Bq,^, 
a ~ 1, . . • , 2n, for any smooth function / we have 

-AV = h{D,^{Df),ea) + h{D^{Df),0- 

Since g and 9 are parallel for the Tanaka- Webster connection V it follows V/i = 0, which allows us to find the 
relation between the two connections: 

(4.17) h{VAB, C) = h{DAB, C) + i [h{T{A, B), C) - h{T{B, C), A) + h{T{C, A), B)] , A, B, C e T(M). 
Therefore we have 

h{V,^B, Co) = h{D,^B, Co) - h{T{B, ej, ej, h{V^B, ^ = h{D^B, i) - h{T{B, 0,0, B e 7{M). 

With this relation in mind, taking into account the properties of the torsion, the formula for the Laplacian 
reduces to 

(4.18) - A^/ = -A/ + h{V^{Df), e) = -A/ + (V2/)(e, = -A/ + (CV). 

In particular, if / satisfies (1.3) then we have A/ = 2n/, while Lemma 4.4 gives (,^ f ~ — /, hence the claimed 
identity. D 
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4.6. Vanishing of the pseudohermitian torsion in the case n > 1. 

Lemma 4.6. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + I > 5. If the 
pseudohermitian torsion is divergence-free, (Ve„^)(ea,^) = 0, and f is an eigenfunction satisfying (1.3) then 

(4.19) AVf = 0. 

Proof. From Lemma 3.4 it follows that ^/ is also an extremal first eigenfunction. Therefore, the second equation 
in (4.12) of Lemma 4.4 applied to ^/ gives 

(4.20) (VxA)(y, V(e/)) = mMX, Y) + {ef)A{X, JY). 
A substitution of the second equality of (4.4) in (4.20) shows 

~{yxA){Y, J\/f) + 2(V Y A)(y, A\/f) = mA{X, Y) + {ef)A{X, JY). 

Noting that A{Y, JX) ~ A{JY,X) by the last equality of (2.5), the above identity together with Lemma 4.4 
give 

(4.21) 2(VxA)(y, AVf) - {VxA){JY, Vf) + df{OA{X, Y) - fA{X, JY) = 0. 
Therefore, using the symmetry of A and (4.12) of Lemma 4.4 we have 

(4.22) - {VxA)iVf, AVf) = (VxA){AVf, V/) = fA{X, AVf) + df{OA{JX, AVf). 
Replacing X with JX in (4.22) yields 

(4.23) = fAiJX, AVf) - dfiOAiX, AVf). 

From Corollary 4.5 it follows that / is an eigenfunction for a Riemannian Laplacian, hence it cannot vanish on 
an open set unless / = 0. Since by assumption / is non-trivial, equations (4.22) and (4.23), taking into account 
P + (rf/(C))' ^ 0, a.e., imply 

(4.24) A{X,AVf)=Q, i.e, AVf = Q. 

n 

Theorem 4.7. Let M he a strictly pseudoconvex pseudohermitian CR manifold of dimension 2ri + l > 5. If the 
pseudohermitian torsion is divergence-free, (Vej,A)(ea, ^) = and f is an eigenfunction satisfying (1.3) then 
the pseudohermitian torsion vanishes, A — 0. 

Proof. Since the pseudohermitian torsion is divergence- free we have Lemma 4.6. Now, Lemma 4.1 shows that 

A = o. n 

5. Vanishing of the pseudohermitian torsion in the extremal three dimensional case 

In this section we prove our first main result in dimension three. We shall assume, unless explicitly stated 
otherwise, that M is a compact strictly pseudoconvex pseudohermitian CR manifold of dimension three for which 
(1.2) holds and / is a smooth function on M satisfying (1.3). In particular, we have done the normalization, if 
necessary, so that (1.2) holds with kg = 4. Since the horizontal space is two dimensional we can use V/, JVf as 
a basis at the points where |V/| ^ 0. In fact, similarly to the higher dimensional case, we have |V/| ^ almost 
everywhere. This follows from Lemma 5.1 showing that / satisfies a certain elliptic equation which implies that 
/ cannot vanish on any open set since otherwise / = which is a contradiction. 

5.1. The elliptic value problem in dimension three. In dimension three we have the following result. 

Lemma 5.1. Let M be a strictly pseudoconvex pseudohermitian CR manifold of dimension three and pseudo- 
hermitian scalar curvature S. If the pseudohermitian torsion of M is divergence- free, {V* A){X) ~ 0, and f is 
an eigenfunction satisfying (1.3), then f satisfies the following elliptic equation 

(5.1) A'7 = (2 + ^) / - ^5(V/, V^) 

involving the (positive) Riemannian Laplacian A'' associated to the Riemannian metric 

(5.2) h = g + e^. 
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Proof. We start by proving the identity 

(5.3) 6ef = -iS-2)f+^g{\/f,VS). 

On one hand from (2.13) applied to the function ^/ we have 

V2/(Je,,ea,e) = 2CV. 
On the other hand we use (4.2) to find 

3V^f{Z, = -dfiJZ) + 2A{Z, V/) - p{Z, V/) 

taking into account (2.11). Now, differentiating the above identity, then taking a trace, after which using the 
formula for the horizontal Hessian (1.3) gives 

6^'./ = 3V2/(Jea,ea,e) = A/ + 2(V*A)(JV/) + 2.9(VV, ^) - (V»(JV/) - V^f{Jea,pea) 

= 2/ - (V»(JV/) - h/p(ea, Jea) + {U)p{ea, e^)] = 2/ -fS+ \dS{V f) 

after using (2.10) and (2.11) for the last equality. This proves (5.3). 

At this point we invoke the proof of Corollary 4.5. In fact, a substituition of the above found expression for 
^^/ into (4.18), which holds also in dimension three, gives (5.1). D 

5.2. Vanishing of the pseudohermitian torsion in the case n = 1. Since Vf,JVf is a basis (not an 
orthonormal one!) of the horizontal space almost everywhere the vanishing of the pseudohermitian torsion, 
A = 0, is implied by A{Vf, V/) = A{JVf, V/) ~ 0. We turn to the main result of this section. 

Theorem 5.2. Let M be a compact strictly pseudoconvex pseudohermitian CR manifold of dimension three for 
which the Lichnerowicz condition (1.2) holds. If the pseudohermitian torsion is divergence-free, (Ve„ A)(ea, 2^) = 
and f is an eigenfunction satisfying (1.3) then the pseudohermitian torsion vanishes, A = 0, and the pseudo- 
hermitian scalar curvature is a constant, S — 8. 



(5.4) ffic(V/, V/) = f I V/P = 4| V/p - 4A( JV/, V/). 



Proof. Equation (3.2) yields 

(5.4) 

Setting Z = V/ in (4.2) and using (5.4) we have 

(5.5) v2/(e, JV/) = -|v/p + A( JV/, v/) = - Jrac(v/, v/) = -||v/|^ 

Taking Z = JWf in (4.2) and using that in dimension three Ric{X, JX) = give 

(5.6) v2/(e, V/) = -^^(V/, V/), VV(V/, = ^A(V/, V/). 
By Lemma 3.4 we know that ^/ is also an extremal eigenfunction, hence we have 

(5.7) i?*c(V(e/), V(^/)) = 4| V(e/)P - 4A(V(e/), JV(C/)). 
Since V/ and JV/ are orthogonal wc have 

|v/pv(e/) = v2/(v/,ov/ + vV(^v/,c)JV/. 

Therefore, we have the following identities 



2 / \2 



|2 



(5.8) |V/nV(e/)r = [(V^/(V/,e)j + (VV(^V/,Oj J |V/| 

(5.9) |V/|4i?zc(V(C/),V(C/)) = [(vV(V/,e))' + (v2/(JV/,0)']ffic(V/,V/), 

(5.10) |V/|4A(V(e/),JV(e/) = [(v2/(V/,a)' - (v2/(JV/,e))']A(V/,JV/) 

- 2(vV(v/,o) (v2/(^v/,o)^(v/,v/) 
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Substituting (5.10), (5.9), (5.8) in (5.7) and using (5.4) we obtain 

(5.11) |V/|4|(v2/(JV/,e))'A(V/,JV/) + V2/(V/,0V2/(JV/,0^(V/,V/)| = 0. 

Assumption (1.2) implies that in our case the pseudohermitian scalar curvature satisfies the inequality S > 8, 
hence (5.4) yields 

(5.12) A(JV/,V/) = (1-|)|V/|2<0. 
Equation (5.5), the Ricci identities and (5.12) imply the inequality 

(5.13) VV( JV/, = VV(e, JV/) + A( JV/, V/) = A( JV/, V/) - 1 1 V/j^ < 0. 
Taking into account (5.13) and (5.6) we obtain from (5.11) 

(5.14) V2/(JV/,C)A(V/,JV/) + ^(a(V/,V/))' = 0. 

The first term in (5.14) is nonnegative from (5.12) and (5.13). Therefore, we conclude 

A(V/,JV/)-A(V/,V/)=0, t.e. A = 0. 
The claim for the pseudohermitian scalar curvature follows for example from (5.4). D 

An immediate corollary from Lemma 5.1 and Theorem 5.2 is the fact that on a strictly pseudoconvcx pseu- 
dohermitian CR manifold of dimension three with a divergence-free pseudohermitian torsion every extremal 
eigenfunction is an eigenfunction of the Riemannian Laplacians (4.16). In other words. Corollary 4.5 is valid 
for n > 1. 

6. Proof of Theorem 1.3 

We prove Theorem 1.3 by a reduction to the corresponding Riemannian Obata theorem on a complete 
Riemannian manifold. In fact, we shall show that the Riemannian Hessian computed with respect to the Levi- 
Civita connection D of the metric h defined in (4.15) satisfies (1.1) and then apply the Obata theorem [Xi] to 
conclude that (M, h) is isometric to the unit sphere. 

For n > 1 by Theorem 4.7 it follows that A = 0. Therefore, (4.4) and (4.12) imply 

(6.1) V'f{^,Y)^V'f{Y,0^df{JY), ei^-f- 

We show that (6.1) also holds in dimension three when the pseudohermitian torsion vanishes. In the three 
dimensional case we have Ric{X^Y) = ^g[X,Y). After a substitution of this equality in (4.2), taking into 
account ^ = 0, we obtain 

(6.2) V2/(C, Z) = V^fiZ, = ^-^^dfiJZ). 
Differentiating (6.2) and using (1.3) we find 

(6.3) V3/(r, Z, = i \dS{Y)df{JZ) + {S- 2)MY, Z) - [S - 2)df{0g{Y, Z) 

6 L 

On the other hand, setting A = in (3.3), we have 

(6.4) V^f{Y,Z,0 = -df{09{Y,Z) - (eiMY^Z). 

In particular, the function ^/ also satisfies (1.3). Therefore using Lemma 5.1 it follows that either ^/ = or 
£,f ^ almost everywhere. In the first case it follows V/ ~ taking into account (6.2), hence / = 0, which is 
not possible by assumption. Thus, the second case holds, i.e., C/ ^ almost everywhere. 
Continuing our calculation, we note that (6.3) and (6.4) give 

(6.5) ^df{09{Y,Z)-(^e.f + ^)oj{Y,Z)-^dS{Y)df{JZ)^0, 
which implies 
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Thus, the pseudohermitian scalar curvature is constant, 5 = 8, invoking again Lemma 5.1. Equation (6.5) 
reduces then to 

(6.6) (^^^f+^y(Y,Z)^Q 
since dS = 0. The equahty (6.6) yields 

ei = -f, 

which together with (6.2) and 5 = 8 imply the validity of (6.1) also in dimension three. 

Finally, we use [17, Lemma 1.3] which gives the relation between D and V. In the case ^ = we obtain 

(6.7) DbC = VbC + 0{B)JC + 0{C)JB - lu{B, C)^, 

where J is extended with J^ = 0. Notice that Q, in [17] is equal to —uj. Using (6.7) together with (1.3) and 
(6.1) we calculate that (1.1) holds. The proof of Theorem 1.3 is complete. 

7. Some examples 

Li this short section we give some cases in which Theorem 4.7 can be applied. 

Corollary 7.1. Let M he a strictly pseudoconvex pseudohermitian CR manifold of dimension 2?! + 1 > 3. // the 
vertical part of the Ricci tensor of the Tanaka-Webster connection vanishes, Ric{^,X) = 0, or the vertical part 
of the Ricci 2-form of the Tanaka- Webster connection is zero, p(^, X) = and f is an eigenfunction satisfying 
(1.3) then the pseudohermitian torsion vanishes, A = 0. 

In particular, if the vertical curvature of the Tanaka-Webster connection is zero, and f is an eigenfunction 
satisfying (1.3) then the pseudohermitian torsion vanishes, A = 0. 

Proof. Suppose that either 

= ffic(C, X) = i?(e, e„ e„ X) = R{^, X, e„ Z) = 

or 

= p(e,X) = i?(e,X,e„Jea) = i?(e,^,ea,Z) = 0. 
In both cases (2.7) yields 

(7.1) (Ve„A)(ea,X)=0,. 

since the pseudohermitian torsion A is trace-free, symmetric and of type (0,2)+(2,0) with respect to J. Hence, 
the pseudohermitian torsion is divergence-free and the proof follows from Theorem 4.7. D 

The formula (2.7) yields that the vertical curvature of the Tanaka-Webster connection vanishes if and only 
if the pseudohermitian torsion is a Codazzi tensor with respect to V, 

(7.2) {VyA){Z, X) = (VzA)(r, X). 

Due to Corollary 7.1, interesting examples where Theorem 1.2 and Theorem 1.3 can be applied are provided 
by pseudohermitian structures for which the pseudohermitian torsion A is a Codazzi tensor. This includes, of 
course, the case of a parallel pseudohermitian torsion (contact (K,/i)-spaces), {\7xA){Y, Z) = 0, for horizontal 
X,Y and Z, see [6] and [34]. 

8. Appendix 

8.1. Some differential operators invariantly associated to the pseudohermitian structure. The pur- 
pose of this section is to record, for self-sufficiency, some of the results of [3(J] and [20] using real variables. For 
a full description and further references of conformally invariant operators see [21], [19] and, in particular, [23] 
for the three dimensional case. 

Definition 8.1 ([30, 20]). a) Let B{X,Y) be the (1,1) component of the horizontal Hessian {V^f){X,Y), 

(8.1) B{X,Y)^B[f]iX,Y) = (V2/)[i](^,n = I [{S7^f)iX,Y) + iV'f){JX,JY)] 
and then define Bo{X,Y) to be the completely traceless part of B, 

(8.2) Bo{X,Y) = Bo[f]{X,Y) = B{X,Y) + ^g{X,Y) - j-g{V^ f,Lo)Lu{X,Y). 
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b) Given a function f we define the one form, 

(8.3) P{X) = Pf{X) = VV(^, eh, eb) + ^^f{JX, e^, Je^) + AnA{X, JV f) 
and also a fourth order differential operator (the so called CR-Paneitz operator in [Idjj, 

(8.4) Cf = - V*P = (Ve„P)(ea) = V4/(ea, ea, 66, eb) + VV(ea, Je„ e^, Jcb) - 4nV* A( JV/) - 4n ^(VV, J A). 
Remark 8.2. In the three dimensional case, the non-negativity condition (8.17) means 

f f ■ CfVolg = - f Pf{Vf)Vole > 0. 

Note that this condition is a CR invariant since it is independent of the choice of the contact form. This follows 
from the conformal invariance of C proven in ['J-S] . In the vanishing torsion case we have, up to a multiplicative 
constant, C = DbOb, where Db is the Kohn Laplacian. 

From [30], see also [5] and [4], it is known that if n > 2, a function / S &{M) is CR-pluriharmonic, i.e, 
locally it is the real part of a CR holomorphic function, if and only if Bo[f] = 0. In fact, as shown in [20] with 
the help of the next Lemma only one fourth-order equation Cf = suffices for Bq [/] = to hold. Furthermore, 
the Paneitz operator is non-negative. When n = 1 the situation is more delicate. In the three dimensional case, 
CR-pluriharmonic functions are characterized by the kernel of the third order operator P[f] = [30]. However, 
the single equation Cf = is enough again assuming the vanishing of the Webster torsion [20], see also [21]. On 
the other hand, [11] showed that if the torsion vanishes the Paneitz operator is essentially positive, i.e., there is 
a constant A > such that 

/ / • CfVole > A / f'Volg. 

JM JM 

for all real smooth functions / £ (KerC)-^, i.e., Jj^j f ■ (pVolg = if Ccf) = 0. In addition, the non-negativity 
of the CR Paneitz operator is relevant in the embedding problem for a three dimensional strictly pseudoconvex 
CR manifold. In the Sasakian case, it is known that M is embcddable, [31], and the CR Paneitz operator 
is nonnegative, see [10], [11]. Furthermore, [12] showed that if the pseudohermitian scalar curvature of M is 
positive and C is non- negative, then M is embeddable in some C". 

Remark 8.3. In the quaternionic contact setting the paper [2-'j] describes differential operators and conformally 
invariant two forms whose kernel contains the real parts of all anti-CRF functions. In particular, there is a 
partial result characterizing real parts of anti-CRF functions. The "extra" assumption concerns an analog of 
the dd lemma in the quaternionic setting. 

We turn to one of the basic results relating the above defined operators. 

Lemma 8.4 ([20]). On a he following identities holds true, 

rt - 1 
(V,„So)(ea,^) = ^^P{X) 
2n 



f \Bo\^Volg = -^^ / P{Vf)Vok 
JM ^"- Jm 



iM ^"- Jm 

In particular, if n > 1 the Paneitz operator is non-negative. 

Proof. Taking into account Ricci's identity (2.12) we have 

VV(ea, ea, X) = VV(^, ea, ea) + Ric{X, V/) + 4VV(e, JX) + 2A{JX, ^ 

(8.5) VV(ea, Jea, JX) = V'^fiJX, Jca, Ca) - 2p{JX, V/) + Ric{JX, JV f) - AnV^f{i, JX) 

-2A{JX,Vf). 

Therefore, using (2.8) and (2.13), which implies V'^f{JX,Cl = ^V3/(JX, Cc, Je^), we have 

(8.6) 2Ve„ (V2/)[i] (ea, X) = V\f{X, e^, Ca) - V^f{JX, e^, Jca) + ^^" ~ ^W V(./^, ea, Jea) 

+ 4(n-l)^(X,JV/). 
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The trace part of B is computed as follows 

(8.7) Ve„ (^V2/(ee, ec)g - d/(C)c^) {ea, X) = ^VV(^, ec, e,) + V^f{JX, ^ 



^V^fiX, ea, ea) - ^V^'fiJX, ea, Jea) 
2n 2n 



The above identities (8.6) and (8.7) imply 



?i — 1 
{\/Bo){ea,ea,X) = -^—P{X), 

which completes the proof of the first formula. The second identity follows by an integration by parts. D 

As was observed earlier in [16] and [11], see also [7], if the pseudohermitian torsion vanishes then the Paneitz 
operator is non-negative also in dimension three. For completeness since this is the case needed in Theorem 
8.8 and because of its simplicity, we shall prove this fact for an eigenfunction of the sub-Laplacian, A/ = A/ in 
the vanishing torsion case using an idea of [2(J, Proposition 3.2]. Indeed, since ^ = we have by the last Ricci 
identity (2.12) and (8.3) 

[C, A]/ = 0, Pf{X) = VV(^, eb, et,) + V^!{JX, e^, Je^), 

therefore with the help of (2.13) we have (recall (8.4)) 

(8.8) / \Pf\''Vole= f Af-{Cf)Volg+ f V''f{Jea,ei„Jet,)h\ea,e„e^) + V^f{Jea,e„JeS)Vole 

= A / / • iC!) Vole - 2n / \7^f{et, Je^) [S„ A]/ Volg ^X f f- (Cf) Volg. 

JM JM JM 

Thus, since A/ is a non-negative operator, if the torsion vanishes and / is an eigenfunction, then the Paneitz 
operator is non-negative on /, 

/ f-{Cf)Vole>0. 

JM 

However, when dealing with a divergence-free pseudohermitian torsion it is worth noting that the Paneitz 
operator is non- negative for any function satisfying (1.3). In the case of a divergence- free torsion the above 
identities hold taking into account the last Ricci identity (2.12), the fact that A belongs to the (2,0) + (0,2) 
space, and definition (8.4). 

8.2. Greenleaf 's Bochner formula for the sub-Laplacian. The first eigenvalue of the sub-Laplacian is the 
smallest positive constant in (2.4) which we denote by Ai. 

Theorem 8.5 ([-:]). On a strictly pseudoconvex pseudohermitian manifold of dimension 2n + 1, n > 1, the 
following Bochner-type identity holds 

(8.9) ^A|V/p = -5(V(A/), V/) + Ric{Vf, V/) + 2A(JV/, V/) + \Vdf\' + 4Vd/(e, JV/). 
Proof. By definition we have 

(8.10) - i A|V/|2 = VV(ea, e,, e6)d/(efc) + V^f{ea, eb)V^f{ea, et) = V^f{ea, ea,eb)df{eb) + \V^ f\\ 

To evaluate the first term in the right hand side of (8.10) we use the Ricci identities (2.12). Taking into account 
that 

(8.11) (VxT)(r,Z) = 0, 
applying successively the Ricci identities (2.12) and also (8.11) we obtain 

(8.12) VV(ea, ea, eh)dfieb) = -<7(V(A/), V/) + RiciVf, V/) + 2A( JV/, V/) + 4VV(e, ^V/). 

A substitution of (8.12) in (8.10) completes the proof of (8.9). D 

We have to evaluate the last term of (8.9). We recall the notation (2.1) of the two components of the U{n)- 
invariant decomposition of the horizontal Hessian V^/. The first integral formula for the last term in (8.9) 
originally proved in [22] follows. 
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Lemma 8.6 ([22]). On a compact strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + 1, 
n > 1, we have the identity 



(8.13) / V2/(e, Jyf)Vole = - / \^g{\7^f, u:f + A{J\/f, V/) 

Proof. Integrating (2.13) we compute 



VoL 



(8.14) An' {U)Vole^-2n g{^' f,u) ■ dfi^Volg. 

JM JM 

Let us consider the horizontal 1-forni defined by 

D2{X)^df{JX)df{0 
whose divergence is, taking into account the second formula of (2.12), 

(8.15) V*i?2 - ff(V2/, oj) ■ dfiO - VV(e, JV/) - A{JVf, V/). 

Integrating (8.15) over M and using (8.14) implies (8.13) which completes the proof of the lemma. D 

We shall need one more representation of the last term in (8.9). 

Lemma 8.7. On a compact strictly pseudoconvex pseudohermitian CR manifold of dimension 2n + 1, n > 1, 
we have the identity 

VV(?, Z) = i^^'fiZ, Jca, ej - A{Z, V/). 
Zn 

In addition, 

f V^f{i,JVf)Vole= f -^{Aff +A{JVf,\/f)- ^P{Vf)Vole. 
Jm Jm 2ri 2n 

Proof. We compute using the first two Ricci identity in (2.12) 

2V3/(Z, Je„ ea) - VV(^, Jea, ea) - VV(Z, Ca, Je^) = -2l^( Jca, ea)V^f{Z, 

= 4n{\/^f{^,Z)+A{Z,S7f)), 

which proves the first formula. The second identity follows from the above formula, the definition of P, and an 
integration by parts. D 

8.3. The CR Lichneorwicz type theorem. At this point we are ready to give in details, using real notation 
as in [28, 27], the known version of the Lichnerowicz' result on a compact strictly pseudo-convex CR manifold 

[22], [32], [IC]. 

Theorem 8.8 ([22], [32], [16]). Let {M,9) be a compact strictly pseudoconvex pseudohermitian CR manifold of 
dimension 2n + 1. Suppose there is a positive constant kg such that the pseudohermitian Ricci curvature Ric 
and the pseudohermitian torsion A satisfy the inequality 

(8.16) Ric{X, X) + AA{X, JX) > kog{X, X). 

a) If n > 1 , then any positive eigenvalue A of the sub-Laplacian A satisfies the inequality 

n 
n + 1 



b) If n ^ 1 and the Paneitz operator is non-negative, i.e., 

17) - / Pf{yf)Vole>0. 

Jm 



'M 

where f is a smooth function and 



f 
then 



Pf{X) = V3/(X, e,, e,) + V^fiJX, e^, Je,) + 4A(X, JV/), 



A > -fco. 
- 2 " 
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As well known the standard CR structure on the sphere achieves equality in this inequality. We note that the 
assumption on the pseudohermitian Ricci curvature of the Tanaka- Webster connection and the pseudoherniitian 
torsion can be put in the equivalent form 

Ric{X, X) + AA{X, JX) = p{JX, X) + 2{n + l)A{JX, X) 

using the pseudohermitian Ricci 2-form p of the Tanaka- Webster connection. We turn to the proof of Theorem 

8.8. 



Proof. Integrating the Bochner type formula (8.9) we obtain 

(8.18) 0= / [-(A/)2 + |(v2/)[i]|' + |(V2/)[-i]r + ffic(V/,V/)+2A(JV/,V/)+4V2/(e,JV/) 

J M L 

Wc use Lemma 8.7 to represent the last term, which turns the above identity in the following 

(8.19) = 



Vol,. 



M 



(A/)^ + |(VV)[i]| +|(V^/)[_i]| +i?zc(V/,V/) + 6A(JV/,V/) 

2 



{MY - -Pi^f) 



Vols. 



Lemma 8.6 and Lemma 8.7 give the following identity 

1 



(8.20) 



2 / A{JVf,\7f)Vol6 

IM 



M 



giS7^f,uY + ^iAfr + ±PiVf) 
Zn in In 



Volf, 



A substitution of (8.20) this in (8.19) together with (1.2) we obtain for an eigcnfunction A/ = A/ the inequality 

(8.21) 



0> 



M 



M 



(A/)2 + |(v2/)[i]r + i(vv)[-i]r + fcoiv/ 

1 



i;.,(VV,..)»-|;(A/)=-Ap(V/) 



"+1^ . . \ i^.|2 , I/V72 -- |2 



A + fco |V/|^ + |(V^/)[1]| 



^(A/)^-i^.(VV,.)^ + |(VV)M,r 



2n 



^(V/) 



Volg 
Vole. 



A projection on the span of the orthonormal set <^ -^=5? 'T^'^ f ^'^ ^^^ ^^' ^^ space gives 



VV),„P>i;(A/)» + i;WVV,^)r 



(8.22) 

with equality iff 

(8.23) 

We obtain from (8.21) taking into account (8.22) the inequality 



'- ' 2n 2n 



..24) 



0> 



M 



-^i±lA + fco) |v/p + |(vV)[-iir - f P(V/) 

n I ' ^ " 2n 



Voh 



This implies Grecnlcaf's inequality 



A> 



n + 1 



taking into account Lemma 8.4. This completes the proof of Theorem 
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